Abstract. It is shown that any group isomorphism between the C k diffeomorphism groups of two finite-dimensional, boundaryless paracompact manifolds is induced by a C k diffeomorphism between the manifolds (1 < k < oo).
I. Introduction
In [1] Whittaker proves that for a certain class of topological spaces any group isomorphism between the homeomorphism groups of two such spaces is induced by a homeomorphism between the spaces themselves. Since the class of spaces he considers contains all topological manifolds it is natural to ask whether the same result holds in the differentiable category. We will answer this question in the affirmative by means of the following theorem:
THEOREM. Let M and N be smooth {i.e. C°°) manifolds without boundary and let Diff (M) and Diff q (N) for l < p , q <oo denote the groups of C diffeomorphisms of M and C q diffeomorphisms of N. If
<£: Diff (M)-> Diff (AT) is a group isomorphism then p = q and there is C diffeomorphism w :M-> Nsuch that for allfe Diff (M) and neN.
The idea behind the proof is the same as that of Whittaker in that we will show that the isomorphism <f> induces a bijection between the stabilizer subgroups of M and N. In other words if we consider the subgroup S" m = {/e Diff {M)\f(m) = m} for m GM, we will show that there is a point w(m) e N such that
The mapping w:M-*N so constructed is easily seen to be a homeomorphism inducing cf>. Takens showed in [2] that if p = q = oo then w must be a C 00 diffeomorphism. To complete the proof we will appeal to a deep result of Montgomery and Zippin [3] concerning Lie groups acting by diffeomorphisms on manifolds to show that p = q and w is a C" diffeomorphism.
In order to handle the differentiable case several of the arguments of § 2 of [1] have to be modified to avoid the infinite patching methods employed by Whittaker 160 R. P. Filipkiewicz to classify the minimal normal subgroups of the homeomorphism group of a space. These, weaker, results are presented in § 2. In order to keep this paper as selfcontained as possible we reproduce, in § 3, the proofs of the key lemmas used in [1] to prove the main result. Finally, in § 4, the theorem stated above is proved.
Independently, and using completely different methods, in [4] M. Rubin has shown the existence of a homeomorphism inducing an isomorphism between diffeomorphism groups. However in this paper he was unable to show that the homeomorphism was differentiable. Subsequently he has managed to achieve this but I have not yet seen the proof [5] . Notation.
(i) M and N will denote connected, paracompact, differentiable manifolds without boundary with dim(Af), dim(iV)<oo. We will assume, in addition, that both M and N are smooth (i.e. C 00 ). This involves no loss of generality as any differentiable manifold has a compatible C°° structure.
( Choos,e such that If e' is small enough and / is sufficiently near the identity in the C°° topology we can use the techniques of lemma 3.1 of Palis and Smale [6] Now, by construction, for each i there is an x t e 3Da 0 such that so, since e is smaller than the Lebesgue number of the covering e €, it follows that there exists C, e ^ with for 1 < / < r. Hence a 0 ^ «o -e 72 < a 0 which is a contradiction.
• 
(M). Let B(F) denote the union of all the open sets in B(F). We define a relation R on B(F) as follows:
/ / x, y eB{F) then xRy iff there are U t e B(F) w/f^ 1 < i < fc 5MC/I rftaf x e f/i, y e C4 a«rf £/, n t7 i+ i ^ 0 for 1 < / < k -1. This is clearly an equivalence relation. The equivalence classes, which are open and connected, will be called F-components. • We finish this section with the following refinement of the results of Epstein in [7] . THEOREM 
[DiffS (M), Diffo (Af)] is the unique minimal normal subgroup of Dirf (M).
Proof. Clearly by Epstein [7] (ii) dim (M) = 1. If f(x), g{x) lie in the same component of M-{x} we can apply the method of (i)(a) above to show that g e S^S*. If they lie in different components then /"'(JC), g(x) lie in the same component so we can find s eS x such that s g (x)=r i (x).
Then t = sfge S x so
This proves (a).
To prove (b) we need only remark that by the proof of (a) above geStyS* means that f(x), g(x) lie in the same component of M-{x} and hence so do the pairs (/(*),/*(*)) and (/(*), gf(x)).
To demonstrate (c) we first note that M is diffeomorphic to the real line or the circle. If M is diffeomorphic to the real line then g, he S^S* implies that g~l(x), f~l{x), h~1{x) all lie in the same component of M-{x}. If M is diffeomorphic to the circle then we choose an orientation of M to induce an ordering of M-{JC}. The proof of (i)(c) will now work as before if we add the condition: y > v iff w > u and y > w iff v > u.
• For the rest of this section let <A:Diff'(Af)-»Diff'(AO be a group isomorphism. The next two lemmas will show that if Sy is the stabilizer of a point y eN then <f>~1{Sy) behaves very much like the stabilizer of some point xeM. Ut-A*0 so we can choose /i, eDiflfg (C/i) such that hi{xi)&A for / = 1, 2. By hypothesis h^F for i -1, 2 so lemma 3.1(a) implies that g 2 eFh 1 F, where g 2 = h 2 or h^1-We will set gi = h\. Now gig 2 and g 2 gi<£F so from lemma 3.1(b), since we have g 2 eFgiF and gieFg 2 F, it follows that i.e. g,eFg 3 F for/= 1,2. Then w will be constructed and shown to be a homeomorphism. Finally, using some arguments from the theory of Lie groups, we will show that p = q and w is a C p diffeomorphism.
Step Thus we have shown that either ^ ^ 0 or there exists x e M such that ® x 5* 0 as required.
Step 2. Let m 0 , «o be the points defined in step 1 above and let g lt g 2 e DifF (M) be such that gi(m 0 ) = g2(f" 0 ). Then we have 
